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1. Introduction
Let G be a simple, connected graph with n-vertices and m-edges. d; is the degree of
the vertex vj, where d; is the number of edges incident to the vertex v;. The graph G is
a regular graph, where all its vertices are equal to degree r. For undefined
terminologies we refer [7].
A molecular graph is a graph in which the vertices correspond to the atoms and
edges corresponds to the bonds. Chemical graph theory is a branch of mathematical
chemistry which has an important effect on the development of the chemical
sciences.
The adjacency matrix A(G) of a graph G will be (0, 1) matrix and is defined as

1 ifv, ~ Vi,
a, =
|0 otherW|se

If A1, 22, 45, .. A, are the eigen values of A(G). Then the energy of a graph G is defined
as the sum of absolute values of the eigen values of adjacent matrix of graph G. This
concept was introduced by I. Gutman in [4].

NOEF

The degree product adjacency energy [Eppa(G)] is defined as follows [8],
The DPA(G) is the degree product adjacency matrix and is defined as,
_jdid;ifv~vy,

! _{ 0 otherwise.
The degree product adjacency matrix DPA(G) is a real symmetric matrix and its eigen
values are a1, az, as, . an. The order of eigen values be a1 > a2 > a3 > . = an. The
similar way of adjacency energy, the degree product adjacency energy of a graph
defined as,

Eppa(G) = i|ai|
1)
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Let D(G) = [dj;] be a diagonal matrix and is defined as,
d _{deg(vi) ifi=j,
"0 if i+ ].
The Laplacian matrix of a graph G is defined as L(G) = D(G) — A(G). The eigen
values py > Ho >3 > ... > W are obtained from the matrix L(G).

The Laplacian energy of G is defined as [5], LE(G) = X1-,

m are the number of vertices and edges respectively.
Motivated by the work of [5], we introduced the concept of Laplacian energy for the
degree product adjacency matrix, which is defined as follows

2
L — Tm| where n and

Let G be a simple, connected graph with n-vertices vi, Vo, ..., v, and d; be the degree
of the vertex v;, Vi = 1, 2, ..., n. Then the Laplacian degree product adjacency matrix
[Lora(G)] of a graph G is Lppa(G) = D(G) — DPA(G). The eigen values y1 >y, > y3 >
... >y, are obtain from the matrix Lppa(G).

Analogous to the LE(G), the LEppa(G) of a graph G defined and is denoted as follows
LEDPA(G) = Z|,B||
i=1

(2)
vi=12,..,n.
where n and m are the number of vertices and edges of graph G respectively.

where §; = y; — ==,

The Cauchy-Schwarz inequality [1] states that if (a1, az, a3, ..., an) and (by, by, bs, ...,

bn) are real n-vectors then,
n 2 n n
(o) o)
i=1 i=1 i=1

In this article, we establish the results on bound for the largest eigen value of Lppa(G)
and also obtain the lower bounds for the Laplacian energy of degree product
adjacency matrix of a regular graph G.

2. Results

To present the complete results, some important theorems which are used throught out
the paper are mentioned below.

Theorem 2.1. [11] Suppose a; and b;, 1< i < n are positive real numbers, then
n n 2 n 2
>8> b’ <1 \/MlMZ +\/ M, (Zaibij
] 4\ mm, MM, i1

Where

M, =max,..,(a);M, =max,, (b);m, =min_ (a);m, =min,_ (b)
Theorem 2.2. [10] Let a; and b;, 1< i < n are nonnegative real numbers, then
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2

Zl:aiziz_nl:b [Za,b,} 37 (MM, —m,m, )

where M;M, and mim; are defined similarly to Theorem 2.1.

Theorem 2.3. [2] Suppose a; and b;, 1< i < n are positive real numbers, then

nYab - Y.a Yb|< um(A-a)(B-b)

i=1 i=1

where a, b, A and B are real constants, that for each i, 1< i < n, a<ai< 4 and

b<b; < B Further, u(n)= th[k%ED

Theorem 2.4. [3] Let a; and b;, 1< i < n are nonnegative real numbers, then

Zn:biz + rRZn:ai2 <(r+ R)(Zn:aibij

where r and R are real constants. So that for each i, 1< i < n holds ra;< b;< Ra;

2.1 Bounds for the largest eigen value of Lppa(G)
Lemma A. Let G be regular graph with n vertices and m edges. Then the eigen values
obtained from Lppa(G) matrix satisfies the following relations

()Y 7 =2m (DX 7" =D " +M,(G)
i=1 i=1 i=1
Where Y, a? is the trace(DPA(G))? [9] and M, (G) = Y™ ,(d;)?, is the first Zagreb
index [6].

Proof.

()Y 7 = tracdLopa (G)] =3, =nd, = 2m
(i) X" ()" = tracdLos, G)F
—szu ji +Zn:di2’ Vi ~ J

i=1 j=1

n n

_ZZ( IJ) +Zd

i=1 j=1

=2 3(d, xd,)? +Zd

1<i<j<n

= (@) + M,(©)

Lemma B. Let ;, Vi =1, 2, ..., n be defined as above by Eq. (2). Then the following
satisfies

()Y =0 @047 =2 3(dxd,)
=2K
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Where K = > (d, xd;)?

I<i<j<n

Proof. Proof is similar to the proof of Lemma A.

Theorem 2.5. If G be aregular graph with n-vertices, then

2K(n-1)
AT

Proof. Consider the regular graph G with n-vertices. Let Lppa(G) be the Laplacian
degree product adjacency matrix of graph G and S1, B2, B3 ..., Bn are the eigen
values, where £ is the largest eigen value and the bound for 8 is calculated by using
cauchy-schwarz inequality i.e.,

(Bee) <[5

Letaj=1and bj=aj, Vi=2, 3, ..., n then the inequality becomes,
n 2 n n
(Z (1)(ﬂi)j S(Zf}(Zﬂfj
i=2 i=2 i=2
3

From Lemma B(i),
2o
pr 2B =0
[Zﬂj = (-4
(4)

And from Lemma B(ii)

(5)
Substituting (2) and (3) in (1), we get

-4V <(-DEK -5
B <2K(n-1)-B*(n-1)

2K(n-1)
sy

The equality relation for £, holds for all complete (K,) graphs.
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Theorem 2.6. If G be a regular graph with n-vertices, then

V2K < LEpp,(G) < V2nK

Proof. Consider a regular graph G with n-vertices. Let Lppa(G) be the Laplacian
degree product adjacency matrix of a graph G and S1, f2, B3 ..., Bn are the eigen
values. Now we consider the cauchy-schwarz inequality to prove the theorem,

e Proof for Right hand side bond:
Letusassumethatai=1andb;=|8i, Vi=1,2,...,n.

ENN
>0l |j <(i(1)2j(i|ﬂ. |2j

> <n(i|ﬂ.|]

On simplification, by using the Lemma B.

LEppa(G) < V2nK

(6)
e Proof for Left hand side bond:
We know that,

n 2 n
Sim1) = 3af
i=1 i=1
By using the Lemma B, we conclude that

LEppa(G) = 2K

(7
From equation (6) and (7),

V2K < LEpps(G) < V21K

2.2 Lower bounds for the Laplacian degree product adjacency energy
[LEprA(G)]

Theorem 2.7. Let G be a regular graph with n-vertices and m-edges and suppose |S1|
>|B2l=|B3|= ...=|Bn| are the eigen values, then the following inequality holds.

220K 4, | 5, |
| Bl +1 5,

LEppa(G) =

Proof. Consider a regular graph G with n-vertices and | 1| =| B 2=| B 3= ...=| Bl
are the eigen values, where | 81| and | | are the maximum and minimum eigen

values of | Zil's respectively.
We have the inequality by the theorem 2.1,
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Sargor <l M, [mn [ ($0s |

Assume a; =1, bi=| Fi|, M1iMy=| £ 1] and mim 2:|/3 | then,

EPEW|_(JZ_J;} 2®WI

n2k <2 p&|WD]@%M@»2

From Lemma B,

AV
8nK |3,
(8]+18)

LE,,(G) > 2 2MKIAIA

|8l 1|

(LEopa(G)) 2

Theorem 2.8. Let G be a regular graph with n-vertices, then the following inequality
holds

LE 0, (G) > \/ZnK —nI(I ARV

Proof. Consider a regular graph G with order n and size m. Let | 81| =| B 2=| B 3=

...=| B | be the eigen values, where | 1| and |SB,| are the maximum and minimum

eigen values respectively.
From Theorem 2.2 we have the inequality,

Zn:aizzn:b (Za,b,j s% M,M, —mm, )’

Assume a; =1, b = | Bi|, MiM2 =| £ 1| and mym, = | £ »| in the above inequality,

SeSiaf (S o] < (a7

i=1 i=1

From Lemma B,

N2K = (LE 5o, (G))? S%Qﬂll—lﬂnl)z

LEopa(G) 2 \/an _%qﬁ1|_|ﬂn|)2

Theorem 2.9. Let G be a regular graph with n-vertices, then the following inequality
holds.

LEopa(G) = 20K — u(n)(|8] - |3,|f
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Proof. Consider a regular graph G with order n and size m. Let | £1| =| B 2=| B3>

...=|Bn| be the eigen values, where | 41| and | S ,| are the maximum and minimum

eigen values respectively.
Consider inequality from the Theorem 2.3,

nzn: ab, — Zn:ai Zn:bi
i=1 =

i=l i=1

< p(n)(A-2a)(B-D)

Now assume that a; = bj = | Bi, A=B = | f1and a =b = | £, then the inequality
reduces to

oS 181" 3161 |< o) - 216

From Lemma B,

[2nK — (LEgpn(G) )| < () (B - |8.))"
LE oa(G) 2 /20K — () (8] - | B,))*

Theorem 2.10. Let G be a regular graph with n-vertices, then the following inequality
holds.

2K +1|3 ]
|8 +15,|

Proof. Consider a regular graph G with order n and size m. Let | B1] 2| 8 22| B 3=

LEppa(G) =

...=| B n| be the eigen values, arranged in non-increasing order, where | £ 1| and | £ |

are the maximum and minimum eigen values respectively.
We make use of the inequality from the Theorem 2.4,

Zn:biz + rRZn:ai2 <(r+R) [Zn:aibij

Assume b= | fil,ai=1,r=| s and R =| £ 4|, then the inequality implies to

n 2 n n

S1af +1Ala[3x = (6] 1) S ial]

i=1 i=1 i=1
From Lemma B,

2K +(8,18/)n) < (B,|+|B)LE or4 (G)
2K+, 8|(m)
AR

Conclusion: In this article, we compute the results on lower bounds for the Laplacian
degree product adjacency energy. Further the eigen values of degree product adjacency
matrix and laplacian degree product adjacency matrix are numerically same but they
differ in their sign (i.e., positive and negative) and we consider the modulus to calculate
the energy for both degree product adjacency matrix and Laplacian degree product
adjacency matrix. Hence the energy become same for both DPA(G) energy and

Lopa(G) energy i.e., Eppa(G) = LEppa(G), for all regular graph G. Also the result is
true for lower bounds.

LE ppa(G) 2

Page | 16
Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed)



Research Guru: Volume-13, Issue-1, June-2019 (ISSN:2349-266X)

Acknowledgement: The authors are thankful to university Grants Commission
(UGC), Govt. of India for financial support through research grant under F1-
17.1/2017-18/RGNF-2017-18-SC-KAR-39176 /(SA-111/Website).

Reference
[1]. Bernard, S. and Child, J. M., (2001) Higer Algebra, Macmillan India Ltd., New Delhi.

[2]. Biernacki, M., Pidek, H., and Ryll-Nardzewsk, C., (2009), Sur une iné galité entre des integrals
définies, Maria Curie SkACodowska University, A4, 1-4.

[3]. Diaz,J. B.,and Metcalf, F. T., (1963), Stronger forms of a class of inequalities of G. P6lya-G.
Szegod and L. V. Kantorovich, Bulletin of the AMS-American Mathematical Society, 69,
415-418.

[4]. Gutman. I., (1978), The energy of a graph, Berlin Mathematics-Statistics Forschungszentrum,
103, 1-22.

[5]. Gutman, I., and Zhou, B., (2006), Laplacian energy of a grah, Linear Algebra Appl., 144, 29-37.

[6]. Gutman, I., and N. Trinajstic, (1972), Graph theory and molecular orbitals total pi-electron energy
of alternant hydrocarbons, Chem. Phys. Lett., 17, 535-538.

[7]. Harary, F., (1969), Graph Theory, Addison-Wesley, Reading.

[8]. Mirajkar, K. G. and Doddamani, B. R., (2019), On energy and spectrum of degree product adjace-
ncy matrix for some class of graphs, International Journal of Applied Engineering Resear-
ch, 14(7), 1546-1554.

[9]. Mirajkar, K. G. and Doddamani, B. R., (2019), Bounds for the eigen values and energy of Degree
Product Adjacency Matrix of a Graph, Journal of Computer and Mathematical Sciences,
10(3), 565-573.

[10]. Ozeki, N., (1968), On the estimation of inequalities by maximum and minimum values, Journal
of College Arts and Science, Chiba University, 5, 199-203.

[11]. Pdlya, G., and Szegd, G., (1972), Problems and theorems in analysis, Series, Integral calculus,
Theory of functions, Springer, Berlin.

Page | 17
Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed)



